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A linear code C is said to be a complementary-dual code (an LCD
code) if it satisﬁes C ∩ C⊥ = {0} where C⊥ is the dual of C .
This paper is to identify few classes of LCD quasi-cyclic (QC)
codes. A suﬃcient condition for a ρ-generator QC code C is given
under which C is an LCD code. Another suﬃcient condition is
given for maximal 1-generator codes. We provide two necessary
and suﬃcient conditions for a maximal 1-generator QC code C
satisfying certain constraints to be an LCD code. It is shown that
unlike cyclic codes, a maximal 1-generator index-2 QC code is
reversible if and only if it is a self-dual code. Several classes of
LCD QC codes are introduced.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let Fq be the ﬁnite ﬁeld of size q and R = Fq[x](xm−1) be the algebra of q-ary polynomials mod-
ule xm − 1 where m and q are relatively prime. Let T be the cyclic shift operator on F Nq , i.e.
T (a0,a1, . . . ,aN−1) = (aN−1,a0, . . . ,aN−2). Then a quasi-cyclic (QC) code C of block length N is a lin-
ear subspace of F Nq invariant under T
r for some positive integer r = 0. The smallest such integer 
is called the index of C and it is easy to show that the index  divides the code-length N , so that
N =m.
A linear code with a complementary dual (an LCD code) was deﬁned in [4] to be a linear code C
whose dual code C⊥ satisﬁes C ∩ C⊥ = {0}. It was shown in [4] that asymptotically good LCD codes
exist and that LCD codes have certain other attractive properties. In [8], Sendrier indicates that linear
codes with complementary duals meet the asymptotic Gilbert–Varshamov bound.
Yang and Massey [9] showed that the necessary and suﬃcient condition for a length-N cyclic
code C to be an LCD code is that the generator polynomial g(x) of C be self-reciprocal and all the
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q-ary cyclic code, whose length N is relatively prime to the characteristic p of Fq , is an LCD code if
and only if it is a reversible code.
The purpose of this research is to examine QC codes with complementary duals. The necessary
background materials on 1-generator QC codes is given in Section 2. Section 3 contains the main
results. Theorem 3 provides a suﬃcient condition for a ρ-generator QC code C to be an LCD code.
Under some constraints, Theorem 4 provides a necessary and suﬃcient condition under which a given
maximal 1-generator index-2 QC code C is LCD. We show by Theorem 5 that a maximal 1-generator
index-2 QC code is reversible if and only if it is a self-dual code, against with the property of the
class of cyclic codes mentioned above. A suﬃcient condition for a maximal 1-generator index-2 QC
code C is given by Theorem 6 under which C is an LCD code. With a few more conditions, Theorem 7
provides a necessary and suﬃcient condition for C to be an LCD code. Applying the main results, we
introduce some families of LCD QC codes in Section 4.
2. Theory of 1-generator QC codes
Let a(x) = (a1(x),a2(x), . . . ,a(x)) ∈ R . Then
Ra(x) := {α(x)a(x) ∣∣ α(x) ∈ R}
= {(α(x)a1(x),α(x)a2(x), . . . ,α(x)a(x)) ∣∣ α(x) ∈ R} (1)
is called a 1-generator QC code with generator a(x).
When  = 1, (1) describes a cyclic code. Indeed a 1-generator QC code C is a cyclic submodule
of R . The 1-generator QC codes and their duals are the most frequently encountered QC codes in the
literature [2,3,6].
Given a(x) = (a1(x),a2(x), . . . ,a(x)) ∈ R , the polynomial
g(x) := gcd(a(x), xm − 1)
= gcd(a1(x),a2(x), . . . ,a(x), xm − 1) (2)
is called the generator polynomial of Ra(x), and the monic polynomial h(x) of least degree satisfying
h(x)a(x) = 0 is called the parity-check polynomial of Ra(x). It is known [7] that the polynomials g(x)
and h(x) are unique and satisfy
{
xm − 1 = g(x)h(x),
dim Ra(x) = degh(x). (3)
A cyclic submodule C of R , that is a 1-generator QC code C , is called maximal if any cyclic sub-
module S containing C satisﬁes C = S . It has been shown in [6] that C is a maximal cyclic submodule
of R if and only if dimC =m.
The theory of the dual of 1-generator QC codes was developed by Séguin and Drolet [6]. Let C be
a submodule of R , that is a QC code, then the QC-dual C∗ of C is deﬁned as:
C∗ =
{
c(x) ∈ R
∣∣∣ ∑
1
ai(x)ci(x) = 0 for all a(x) ∈ C
}
.
It is known [6] that the dual of C , denoted C⊥ , is
C⊥ = {xm−1(c1(x−1), c2(x−1), . . . , c(x−1)) ∣∣ (c1(x), c2(x), . . . , c(x)) ∈ C∗}
= {xm−1c(x−1) ∣∣ c(x) ∈ C∗}.
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for ﬁnding a set of generators for C∗ given a generator for C .
Theorem 1. (See [1].) Let C = Ra(x) be a maximal QC code with a(x) chosen so that
gcd
(
a1(x),a2(x), . . . ,a(x)
)= 1.
Let b1(x), . . . ,b(x) be chosen so that 1 =∑1 ai(x)bi(x) (arithmetic in Fq[x]), then
m j(x) = a j(x)b(x) − e j, 1 j  ,
with e j = (0,0, . . . ,0,1,0, . . . ,0), the 1 being in the jth position, generate C∗ .
In general, given a 1-generator QC code C = Ra(x), a set of generators for C∗ are obtained through
the following theorem [6].
Theorem 2. (See [6].) Let 0 = a(x) = (a1(x),a2(x), . . . ,a(x)) ∈ R , and set
⎧⎪⎨
⎪⎩
d(x) := gcd(a1(x),a2(x), . . . ,a(x)),
bi(x) := ai(x)/d(x)
(
in Fq[x]
)
,
b(x) := (b1(x),b2(x), . . . ,b(x)).
If c(x) ∈ R satisﬁes 1 =∑1 ci(x)bi(x), then
(
Ra(x)
)∗ = Rh(x)c(x) ⊕ (Rb(x))∗,
where h(x) = xm − 1/gcd(xm − 1,d(x)).
3. Quasi-cyclic codes with complementary dual
3.1. ρ-Generator quasi-cyclic codes
Let C be a ρ-generator QC code. Therefore, it has a generator matrix in the form
⎛
⎜⎜⎜⎜⎝
a1,1(x) a1,2(x) . . . a1,(x)
a2,1(x) a2,2(x) . . . a2,(x)
.
.
.
.
.
.
.
.
.
aρ,1(x) aρ,2(x) . . . aρ,(x)
⎞
⎟⎟⎟⎟⎠ ,
where ai, j(x) is a polynomial in R . Let π j be the function projecting every codeword to its jth block,
that is
π j : C → Fq[x]
(xm − 1)
π j
(
f1(x), f2(x), . . . , f(x)
)= f j(x).
378 M. Esmaeili, S. Yari / Finite Fields and Their Applications 15 (2009) 375–386π j(C) ⊂ Fq[x](xm−1) is a cyclic code of length m over Fq and we can write
π j(C) =
〈
a1, j(x)
〉⊕ 〈a2, j(x)〉⊕ · · · ⊕ 〈aρ, j(x)〉.
Hence π j(C) has the generator polynomial gcd(a1, j(x),a2, j(x), . . . ,aρ, j(x), xm − 1). A cyclic code E
generated by its unique monic polynomial of minimum degree g(x), called the generator polynomial
of E , is denoted by E = 〈〈g(x)〉〉. Therefore,
π j(C) =
〈〈
gcd
(
a1, j(x),a2, j(x), . . . ,aρ, j(x), x
m − 1)〉〉.
Set G j(x) := gcd(a1, j(x),a2, j(x), . . . ,aρ, j(x), xm − 1). Let C⊥ be an r-generator QC code and let H j(x)
be the generator polynomial of π j(C⊥).
Theorem 3. Suppose C and C⊥ are two q-ary ρ and r-generator QC codes, respectively, withπ j(C) = 〈〈G j(x)〉〉
and π j(C⊥) = 〈〈H j(x)〉〉, 1 j  . If
lcm
(
G j(x), H j(x)
)= xm − 1, 1 j  ,
then C is an LCD code.
Proof. Both G j(x) and H j(x) divide xm −1. The code π j(C)∩π j(C⊥) is cyclic with the generator poly-
nomial lcm(G j(x), H j(x)). If lcm(G j(x), H j(x)) = xm − 1, j = 1, . . . , , then according to (3) dimension
of π j(C) ∩ π j(C⊥) is zero, and hence C is an LCD code. 
Example 1. Set q = 2 and m = 15. The factorization of x15 − 1 over F2 into irreducible factors is
x15 − 1 = (1 + x)(1 + x + x2)(1 + x + x4)(1 + x3 + x4)(1 + x + x2 + x3 + x4). Let C1 and C2 be the
1-generator QC codes with generators a1(x) and a2(x), respectively, given below.
a1(x) =
((
1+ x+ x2)(1+ x+ x2 + x3 + x4)(1+ x+ x4)(1+ x3 + x4),
(1+ x)(1+ x+ x4)(1+ x3 + x4)(1+ x+ x2 + x3 + x4),
(1+ x)(1+ x+ x2)(1+ x+ x2 + x3 + x4),
(1+ x)(1+ x+ x2)(1+ x+ x4)(1+ x3 + x4)),
a2(x) =
(
(1+ x)(1+ x+ x2)(1+ x+ x4)(1+ x3 + x4),
(1+ x)(1+ x+ x2)(1+ x+ x2 + x3 + x4),(
1+ x+ x4)(1+ x3 + x4)(1+ x+ x2 + x3 + x4)).
Thus C1 and C2 are of indexes 4 and 3, respectively, and the generator polynomials of both of them
is 1 (see Eq. (2)). Therefore, according to Eq. (3), these codes are of dimension 15. Thus C1 and C2 are
maximal codes. It follows from
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
π1(C1)
⊥ = 〈〈(1+ x)〉〉,
π2(C1)
⊥ = 〈〈(1+ x+ x2)〉〉,
π3(C1)
⊥ = 〈〈(1+ x+ x4)(1+ x3 + x4)〉〉,
π4(C1)
⊥ = 〈〈(1+ x+ x2 + x3 + x4)〉〉
that the following matrix H1 is a parity-check matrix for C1 in the ring R .
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⎛
⎜⎜⎜⎝
(1+ x) 0 0 0
0 (1+ x+ x2) 0 0
0 0 (1+ x+ x4)(1+ x3 + x4) 0
0 0 0 (1+ x+ x2 + x3 + x4)
⎞
⎟⎟⎟⎠ .
In the same way the following parity-check matrix H2 is obtained for C2.
H2 =
⎛
⎝ (1+ x+ x
2 + x3 + x4) 0 0
0 (1+ x+ x4)(1+ x3 + x4) 0
0 0 (1+ x)(1+ x+ x2)
⎞
⎠ .
According to Theorem 3, it is obvious that C1 and C2 are LCD codes. A generalization of this example
is given in Section 4.
3.2. 1-Generator quasi-cyclic codes
Let C and C⊥ be 1-generator QC codes with parameters [N,k] and [N,N − k], respectively. Thus
km and N − km and hence N −m N − km. This implies N  2m and hence N = 2m since m
divides N (we disregard N =m as in this case C becomes a cyclic code). We can conclude that C is a
maximal code of index 2.
Deﬁnition 1. Let u(x) be a polynomial in Fq[x]. We deﬁne the reverse polynomial u∗(x) of u(x) in R
by u∗(x) := xm−1u(x−1), that is if u(x) = c0 + c1x + · · · + ckxk then u∗(x) = ckxm−k−1 + ck−1xm−k +
· · · + c0xm−1. We also deﬁne the reciprocal polynomial u˜(x) of u(x) by u˜(x) = xdegu(x)u(x−1).
It is worth mentioning that, according to this deﬁnition, u∗(x) = xm−1−degu(x)u˜(x), and that
gcd( f (x), u˜(x), xm − 1) = gcd( f (x),u∗(x), xm − 1) for every f (x) ∈ Fq[x].
Lemma 1. Suppose C is a maximal binary 1-generator QC code of index 2. If (a1(x),a2(x)) is a generator of C
then (a∗2(x),a∗1(x)) will be a generator for C⊥ .
Proof. Consider the following generator matrix G of C and the related matrix H .
G =
⎛
⎜⎜⎜⎜⎝
a1,1 a1,2 . . . a1,m a2,1 a2,2 . . . a2,m
a1,m a1,1 . . . a1,m−1 a2,m a2,1 . . . a2,m−1
.
.
.
.
.
. . . .
.
.
.
.
.
.
.
.
. . . .
.
.
.
a1,2 a1,3 . . . a1,1 a2,2 a2,3 . . . a2,1
⎞
⎟⎟⎟⎟⎠ ,
H =
⎛
⎜⎜⎜⎜⎝
a2,m a2,m−1 . . . a2,1 a1,m a1,m−1 . . . a1,1
a2,1 a2,m . . . a2,2 a1,1 a1,m . . . a1,2
.
.
.
.
.
. . . .
.
.
.
.
.
.
.
.
. . . .
.
.
.
a2,m−1 a2,m−2 . . . a2,m a1,m−1 a1,m−2 . . . a1,m
⎞
⎟⎟⎟⎟⎠ .
It is obvious that GHT = 0. Let g(x) = gcd(a1(x),a2(x), xm − 1) be the generator polynomial of C .
The generator polynomial g0(x) of the QC code with generator matrix H is
g0(x) = gcd
(
a∗2(x),a∗1(x), xm − 1
)
= gcd(a˜2(x), a˜1(x), xm − 1). (4)
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in F2[x], and hence we may write xm − 1 as
xm − 1 = f1(x) f2(x) · · · f s(x).
Therefore, in F2[x] we have
xm − 1 = f˜1(x) f˜2(x) · · · f˜ s(x).
Thus xm − 1 is divisible by a polynomial f (x) if and only if it is divisible by f˜ (x). This together
with relation (4) implies g0(x) = g˜(x). The maximality of C gives g(x) = 1, and hence g˜(x) = 1,
implying that g0(x) = 1. Therefore, the rank of H is m. This together with the fact that C⊥ has di-
mension 2m−m =m implies that H is a generator matrix for C⊥ , that is (a∗2(x),a∗1(x)) is a generator
for C⊥ . 
Theorem 4. Let C be a maximal binary QC code with generator (a1(x),a2(x)) satisfying a1(x),a2(x) | xm − 1
with m = k1 + k2 where k j , j = 1,2, is the degree of a j(x). Then C is an LCD code if and only if
gcd
(
a1(x), a˜2(x)
)= gcd(a2(x), a˜1(x))= 1.
Proof. (a∗2(x),a∗1(x)) is a generator of C⊥ . The generator polynomial of π1(C⊥) is gcd(a∗2(x), xm − 1) =
xk2a2(x−1) = a˜2(x) and that for π2(C⊥) is gcd(a∗1(x), xm − 1) = xk1a1(x−1) = a˜1(x). Since a j(0) = 0,
we conclude that π j(C⊥) is a cyclic code of dimension m − k j+1 where j + 1 := 1 if j = 2.
Also dimπ j(C) = m − k j implies that the dimension of π j(C)⊥ is k j . C ∩ C⊥ = {0} if and only if
π j(C) ∩ π j(C⊥) = {0} for j = 1,2. The degree of generator polynomials of π j(C) and π j(C⊥) are k j
and m − k j , respectively, and these polynomials divide xm − 1. π j(C) ∩ π j(C⊥) is a cyclic code with
the generator polynomial L j(x) = lcm(a j(x), a˜ j+1(x)). Polynomial L j(x) has degree m if and only if
gcd(a j(x), a˜ j+1(x)) = 1. 
It is known [9] that a q-ary cyclic code C , whose length N is relatively prime to the characteristic p
of Fq , is a reversible code if and only if it is an LCD code. Surprisingly, a maximal binary index-2 QC
code C is reversible if and only if C = C⊥ .
Theorem 5. Let C be a maximal binary 1-generator QC code of index 2. C is self-dual if and only if it is
reversible.
Proof. Suppose (a1(x),a2(x)) is a generator of C . Thus, according to Lemma 1, C⊥ has generator
(a∗2(x),a∗1(x)). On the other hand, the reverse of the cyclic code π j(C), j = 1,2, is generated by a˜ j(x)
(see [5, Theorem 1]). Hence, a∗j (x) is also a generator for π j(C). Therefore, the reverse of C is gener-
ated by (a∗2(x),a∗1(x)). Thus C is self-dual if and only if it is reversible. 
It is worth noting that this theorem may fail if the index-2 condition is omitted. To see this
consider the index-3 binary code C with the following generator matrix G .
G =
⎛
⎝1 1 0 1 1 1 1 0 10 1 1 1 1 1 1 1 0
1 0 1 1 1 1 0 1 1
⎞
⎠ .
Obviously, C is a maximal 1-generator index-3 reversible QC code. However, as C has dimension 3,
the dual code C⊥ is of dimension 9− 3 = 6, and hence C = C⊥ .
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and parity-check matrices G and H , respectively. Obviously, C is not self-dual.
G =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
11000 11111 00000 00000
01100 11111 00000 00000
00110 11111 00000 00000
00011 11111 00000 00000
10001 11111 00000 00000
00000 00000 11111 11000
00000 00000 11111 01100
00000 00000 11111 00110
00000 00000 11111 00011
00000 00000 11111 10001
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, H =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
11111 00011 00000 00000
11111 10001 00000 00000
11111 11000 00000 00000
11111 01100 00000 00000
11111 00110 00000 00000
00000 00000 00011 11111
00000 00000 10001 11111
00000 00000 11000 11111
00000 00000 01100 11111
00000 00000 00110 11111
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Given polynomials a1(x),a2(x),b1(x) and b2(x) in R , consider the code C = Rm(x) with generator
m(x) = (lcm(a1(x),b1(x)), lcm(a2(x),b2(x))). As mentioned before, the generator polynomial of C is
gcd
(
lcm
(
a1(x),b1(x)
)
, lcm
(
a2(x),b2(x)
)
, xm − 1). (5)
Therefore, if this polynomial has degree m then C will be of dimension zero. This is used in the
following theorem.
Theorem 6. Suppose C = Ra(x) = R(a1(x),a2(x)) is a maximal q-ary 1-generator QC code and let C⊥ =
b(x) = (b1(x),b2(x)). If
lcm
(
gcd
(
a1(x),b2(x), x
m − 1),gcd(a2(x),b1(x), xm − 1)) (6)
has degree m then C is an LCD code.
Proof. For each p(x) = (p1(x), p2(x)) ∈ C ∩ C⊥ there are α(x) and β(x) in R such that p(x) =
α(x)(a1(x),a2(x)) and p(x) = β(x)(b1(x),b2(x)). This implies
{
p1(x) = β(x)b1(x) = α(x)a1(x),
p2(x) = β(x)b2(x) = α(x)a2(x).
Thus p(x) = gcd(α(x), β(x))(lcm(a1(x),b1(x)), lcm(a2(x),b2(x))). This means
p(x) ∈ R(lcm(a1(x),b1(x)), lcm(a2(x),b2(x))),
and hence
C ∩ C⊥ ⊆ R(lcm(a1(x),b1(x)), lcm(a2(x),b2(x))). (7)
As C and C⊥ are maximal and gcd(a1(x),a2(x), xm−1) = gcd(b1(x),b2(x), xm−1) = 1, and since xm−1
has no repeated root we can write
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⎪⎪⎪⎪⎩
gcd
(
lcm
(
a1(x),b1(x)
)
, lcm
(
a2(x),b2(x)
)
, xm − 1)
= lcm(gcd(a1(x),a2(x), xm − 1),gcd(b1(x),b2(x), xm − 1),
gcd
(
a1(x),b2(x), x
m − 1),gcd(a2(x),b1(x), xm − 1))
= lcm(gcd(a1(x),b2(x), xm − 1),gcd(a2(x),b1(x), xm − 1)).
According to the paragraph preceding the theorem, Rm(x) := R(lcm(a1,b1), lcm(a2,b2)) has di-
mension zero. Therefore, C ∩ C⊥ which is a subcode of Rm(x) has dimension zero. 
Note that in the above theorem, when q = 2 we have b(x) = (b1(x),b2(x)) with b1(x) = a∗2(x) and
b2(x) = a∗1(x). Eq. (6) says that the least common multiple of self-reciprocal irreducible factors of a1(x)
and a2(x) is xm − 1.
Example 2. Let C be a binary QC code of index 2 with generator matrix
⎛
⎜⎜⎜⎜⎝
1 1 · · · 1 1 1 0 0 · · · 0
1 1 · · · 1 0 1 1 0 · · · 0
.
.
.
.
.
.
1 1 · · · 1 1 0 0 · · · 0 1
⎞
⎟⎟⎟⎟⎠ .
Thus the generator of C is a(x) = (1 + x + · · · + xm−1,1 + x). It follows from Lemma 1 that b(x) =
(xm−2 + xm−1,1 + x + · · · + xm−1) is a generator for C⊥ . Therefore, according to Theorem 6, C is an
LCD code.
Theorem 7. Suppose C = R(a1(x),a2(x)) is a binary maximal 1-generator QC code with
a2(x)
gcd(a∗1(x),a2(x))
= a1(x)
gcd(a∗2(x),a1(x))
. (8)
Then C is an LCD code if and only if
lcm
(
gcd
(
a1(x),a
∗
1(x), x
m − 1),gcd(a2(x),a∗2(x)), xm − 1)
is a polynomial of degree m.
Proof. Based on Lemma 1, (a∗2(x),a∗1(x)) is a generator for C⊥ . If
a2(x)
gcd(a∗1(x),a2(x))
= a1(x)
gcd(a∗2(x),a1(x))
,
then
a∗2(x)
gcd(a1(x),a∗2(x))
= a
∗
1(x)
gcd(a2(x),a∗1(x))
.
Also, if (p1(x), p2(x)) ∈ R(lcm(a1(x),a∗2(x)), lcm(a2(x),a∗1(x))) then (p1(x), p2(x)) ∈ C ∩ C⊥ . This shows
that the statement is proved in a way similar to the proof process of Theorem 6. 
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In this section we introduce several families of QC LCD codes using Theorems 3 and 6. Construc-
tions A1–A3 generate binary index-2 codes while constructions B1–B2 produce binary and non-binary
codes with index at least three.
Suppose xm − 1 has the following decomposition in F2[x] with gcd(a(x),b(x)) = 1:
xm − 1 = a(x)b(x). (9)
If C = R(a(x),b∗(x)) is a maximal QC code then it will be also an LCD code. To see this, note that
according to Lemma 1, C⊥ is generated by (b(x),a∗(x)). The generator polynomial of π2(C⊥) is
gcd(a∗(x), xm −1) = a˜(x) and the generator polynomial of π2(C) is gcd(b∗(x), xm −1) = b˜(x). It follows
from gcd(a(x),b(x)) = 1 that gcd(a˜(x), b˜(x)) = 1. In F2[x] we may write lcm(a˜(x), b˜(x)) = ˜(xm − 1) =
xm − 1. These along with Theorem 3 show that C is an LCD code.
In particular, when a(x) and b(x) in (9) are self-reciprocal, the code with generator (a(x),b(x)) is
an LCD code, since in that case the generator of C⊥ is (b∗(x),a∗(x)) and we have
⎧⎪⎪⎨
⎪⎪⎩
π1
(
C⊥
)= 〈〈gcd(b∗(x), xm − 1)= b(x)〉〉;
π2
(
C⊥
)= 〈〈gcd(a∗(x), xm − 1)= a(x)〉〉;
π1(C) =
〈〈
a(x)
〉〉; π2(C) = 〈〈b(x)〉〉.
A1. Suppose m = 3r where r is a positive integer. Then,
x3r − 1 = (x3 − 1)(1+ x3 + x6 + · · · + x3(r−1))
= (1+ x+ x2)(1+ x)(1+ x3 + x6 + · · · + x3(r−1)).
For simplicity, set B(x) := 1+ x3 + x6 + · · · + x3(r−1) . The QC index-2 code Ci , 1 i  3, with genera-
tor ai(x) is an LCD code where
⎧⎪⎪⎨
⎪⎪⎩
a1(x) :=
(
1+ x+ x2, (1+ x)B(x)),
a2(x) :=
(
(1+ x)(1+ x+ x2), B(x)),
a3(x) :=
(
1+ x, (1+ x+ x2)B(x)).
A2. Suppose m = 5r. Then we have
x5r − 1 = (x5 − 1)(1+ x5 + +x10 + · · · + x5(r−1))
= (1+ x+ x2 + x3 + x4)(1+ x)(1+ x5 + x10 + · · · + x5(r−1)).
Setting B(x) := 1+x5+· · ·+x5(r−1) , we obtain LCD index-2 QC code Ci , 1 i  3, with generator ai(x)
where
⎧⎪⎪⎨
⎪⎪⎩
a1(x) :=
(
1+ x+ x2 + x3 + x4, (1+ x)B(x)),
a2(x) :=
(
(1+ x)(1+ x+ x2 + x3 + x4), B(x)),
a3(x) :=
(
1+ x, (1+ x+ x2 + x3 + x4)B(x)).
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x9r − 1 = (x9 − 1)(1+ x9 + · · · + x9(r−1))
= (1+ x+ x2)(1+ x3 + x6)(1+ x)(1+ x9 + · · · + x9(r−1)).
This decomposition together with B(x) := 1 + x9 + · · · + x9(r−1) results in LCD index-2 QC code Ci ,
1 i  7, with generator ai(x):
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
a1(x) :=
(
1+ x+ x2, (1+ x3 + x6)(1+ x)B(x)),
a2(x) :=
(
(1+ x)(1+ x+ x2), (1+ x3 + x6)B(x)),
a3(x) :=
(
1+ x3 + x6, (1+ x)(1+ x+ x2)B(x)),
a4(x) :=
(
(1+ x)(1+ x3 + x6), (1+ x+ x2)B(x)),
a5(x) :=
(
1+ x, (1+ x3 + x6)(1+ x+ x2)B(x)),
a6(x) :=
((
1+ x3 + x6)(1+ x+ x2), (1+ x)B(x)),
a7(x) :=
((
1+ x3 + x6)(1+ x+ x2)(1+ x), B(x)).
B1. (Binary codes with more than two circulants) Let C be the code of length m with the following
generator matrix G over the ring R .
G = (1+ x,1+ x+ x2 + · · · + xm−1,0,0, . . . ,0).
Then the generator matrix of C⊥ in R is H wherein B(x) = 1+ x+ x2 + · · · + xm−1.
H =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
B(x) 1+ x 1+ x 1+ x 1+ x · · · · · · 1+ x 1+ x
0 1+ x B(x) 0 0 · · · · · · 0 0
0 1+ x 1+ x B(x) 0 . . . . . . 0 0
0 1+ x 1+ x 1+ x B(x) . . . . . . . . . 0
.
.
.
.
.
.
.
.
.
.
.
.
. . .
. . .
. . .
. . .
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. . .
. . .
. . .
. . .
.
.
.
0 1+ x 1+ x 1+ x 1+ x · · · 1+ x B(x) 0
0 1+ x 1+ x 1+ x 1+ x · · · · · · 1+ x B(x)
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
It follows from
{
π1(C) = 〈〈1+ x〉〉, π2(C) =
〈〈
B(x)
〉〉
, π j(C) =
〈〈
xm − 1〉〉, 3 j  ;
π1
(
C⊥
)= 〈〈B(x)〉〉, π2(C⊥)= 〈〈x+ 1〉〉, π j(C⊥)= 〈〈1〉〉, 3 j  ;
and Theorem 3 that C is an LCD code.
B2. (q-ary codes with more than two circulants) Consider a ﬁnite ﬁeld Fq with characteristic p. If
gcd(m, p) = 1 then the polynomial xm − 1 factors into distinct irreducible factors in Fq[x]. Thus we
may write xm − 1 as xm − 1 = f1(x) f2(x) · · · f s(x) where f j(x) are distinct irreducible polynomials.
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[n,k,d]-code block size m c1(x), . . . , c(x)
[15,5,4] 5 21,37,30
[20,5,5] 5 37,30,21,3
[34,17,5] 17 1513,727
[42,21,4] 21 26755,575
[51,17,6] 17 1513,377777,1171
[93,31,10] 31 6562353,16257247,10720561
[99,33,6] 33 60014003,25456465,14217043
Therefore, we have xm − 1 = − f˜1(x) f˜2(x) · · · f˜ s(x) (if f (x) is an irreducible polynomial, so is f˜ (x)).
By the uniqueness of such a decomposition into irreducible factors, we have
xm − 1 = δg1(x)g2(x) · · · gt(x)h1(x)h˜1(x) · · ·hn(x)h˜n(x),
where δ is a unit in Fq , g1(x), . . . , gt(x) are the self-reciprocal irreducible factors of xm − 1, and
hi(x)h˜i(x) is equal with f i1 (x) f i2 (x) for some factors f i1 (x) and f i2 (x) that are reciprocal of each
other. Thus we may consider the following decomposition of xm − 1 in Fq[x] into self-reciprocal poly-
nomials ai(x):
xm − 1 = a1(x)a2(x) · · ·a(x).
Considering this decomposition, suppose C has the following generator a(x) in the ring R
a(x) := (a2(x) · · ·a(x),a1(x)a3(x) · · ·a(x), . . . ,a1(x)a2(x) · · ·a−1(x)).
The rank of C is m and hence C is a q-ary maximal index- QC code.
An argument similar to the one used in Example 1 shows that the following is a parity-check
matrix for C .
H =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
a1(x) 0 · · · · · · 0
0 a2(x) 0 · · · 0
.
.
. 0
. . .
. . .
.
.
.
.
.
.
.
.
.
. . .
. . . 0
0 0 · · · 0 a(x)
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
Thus we have
π j(C) =
〈〈
xm − 1
a j(x)
〉〉
and π j
(
C⊥
)= 〈〈a j(x)〉〉, 1 j  .
Therefore, according to Theorem 3, C is an LCD code.
Table 1 provides some QC LCD codes constructed by the methods given above. The parameters of
these codes have been determined by Magma software. In this table, the polynomial introducing the
ith circulant of a code is denoted by ci(x). The polynomials are given in octal with the least signiﬁcant
coeﬃcient on the right; for instance, 3178 represents the polynomial 1+ x+ x2 + x3 + x6 + x7.
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